A density functional based "exact exchange for correlated electrons" (EECE) method of electronic structure determination, intended as an improved initial point for the description of systems containing correlated electrons, is proposed and its implementation is described. This approach bears strong resemblance to certain methods already in use: in implementation it is much like the LDA+U method with the important distinction that it is parameter-free; in concept has much in common with previous 'exact exchange' and self-interaction corrected approaches. The EECE method is applied to several systems with varying correlation strengths and characters (FeF 2 , NiO, hcp Gd, FeAl) and the results are compared with those obtained by LDA +U and Hartree -Fock methods as well as results within the local spin density and generalized gradient approximations to density functional theory.
Introduction
Density functional theory (DFT) provides the basis for most calculations of the electronic structure of solids [1] , but the approximations used at present -local spin density approximation (LSDA) and generalized gradient approximation (GGA) -have well known shortcomings when applied to systems with a strong electron correlation. In many cases an incorrect character of the ground state is obtained, and in partially-filled narrow band systems bands are improperly clustered around the Fermi level. The most common viewpoint of these difficulties is that the main problem is not the DFT correlation functional per se but rather the local and very approximate treatment of the exchange energy. Several partial remedies, which might be classified as "correlated band theories," are in use. Most of these are formulated in terms of a correction to the LSDA density functional in favor of an orbital-dependent functional, and result in a generalization of the Kohn-Sham procedure for obtaining the minimum of the functional and leads to some type of correlated band structure.
The most thoroughly tested of these correlated band theories is the LDA+U approach [2] , which has been built into several widely used codes. Its behavior is relatively well understood, although the interplay of the correlation effects (which tends to localize orbitals in some sense) and mixing with ligands (which tends to promote itineracy) still produces some surprises [3] . The LDA+U method is no longer ab-initio: a choice has to be made of which orbitals to treat as correlated, the Coulomb repulsion strength (Hubbard parameter) U and the exchange constant J must be inserted, and a few differing LDA+U versions are in use so the method is not even unique (see the paper of Petukhov et al. [4] for discussion).
Applying the Hartree-Fock (HF) method would seem to be a natural improvement, since by fiat it includes exchange exactly and it is self-interaction free. Unfortunately, the HF method is difficult to apply to periodic solids due to the strong nonlocal nature of the exchange potential, and it is known to present difficult problems when approaching the weakly correlated regime [5] . Unless the exchange interaction is screened in some manner, HF also overestimates corrections even in the strongly correlated regime. The HF method has been implemented by a few groups, for example in the CRYSTAL code, newer versions of which also have the DFT based approximations as an option [8] . In many ways HF is inferior for solids in several respects compared to LSDA and GGA but it has some advantages. The approach is transparent (minimizing the energy of a determinant wavefunction) and to extend it to include correlation seems straightforward, but becomes tedious.
Recently 'hybrid density functionals' have gained visibility [9] , with the most used version being the B3LYP functional [10] . These hybrid functionals begin with the DFT approach, but to address the problems noted above, they mix the exchange part of the approximate DFT functional with the HF exact exchange, and use also a nonlocal correlation functional. The results obtained recently for crystals have been encouraging [11, 12] .
Another approach is the self-interaction-corrected (SIC) local density approximation as applied to solids [13] . The SIC method appends a correction to the LSDA functional which removes the selfHartree and local self-exchange and self-correlation energies from orbitals which become localized (selfconsistently) due to the correction. This approach has been applied to a considerable number of systems, and seems to be realistic in producing localization of correlated orbitals and giving much improved energetics compared to LSDA. The eigenvalues of the correlated orbitals do not however bear any close relation to observed single particle binding energies.
In the present paper we propose an alternative approach to those mentioned above. The overarching concept is to retain the LSDA (or GGA) description of uncorrelated states, where it works very well, but to perform exact exchange on the correlated electrons (EECE), removing the local treatment they are given in LSDA (including the self-interaction). Processes involving the interaction between correlated and uncorrelated orbitals are also included within LSDA, since such processes are normally not involved in the problematic behavior.
In the following sections we describe its implementation in the widely used WIEN2k package [14] and apply the approach to several correlated materials to assess its performance and utility. WIEN2k is based on the full potential linearized augmented plane wave method (FPLAPW), an approach which belongs to the most precise and reliable ways to calculate the electronic structure of solids. In the FPLAPW method the crystal is divided into non-overlapping atomic spheres and the interstitial region.
The EECE treatment parallels that of LDA+U in the following ways: -the subspace corr S spanned by states of correlated electrons (usually d states of transition metal atoms or f states of rare earths or actinides) is identified as well as its projection operators.
-parts of the exchange-correlation energy and potential from the density functional theory (DFT) expressions that corresponds to corr S subspace are removed. In the LDA+U method this is the 'double counting' term.
-a new functional that presumably better reflects the strong correlation is inserted. In the LDA+U method this term has the HF form, with correlation taken into account by screening the U and J parameters. The corresponding potential term is nonlocal (orbitally dependent).
The second bullet is the most problematic part of approaches attempting to treat on-site correlations explicitly. By the nature of Kohn-Sham DFT theory the exchange-correlation functional is a non-linear functional of the total density. While one can certainly partition the density in a well defined way, e.g. 'correlated' and 'uncorrelated' orbitals, corresponding partitioning of the exchange-correlation energy, i.e. correlated, uncorrelated and cross term, is not unique and thus remains to be specified. One is typically guided by certain limits and by the desired performance of the method. As examples we mention the fully localized limit LDA+U method (atomic limit) [6] , the around-mean-field LDA+U (uniform occupation limit) [7] , or self-interaction correction (SIC) (single electron limit) [15] . In the following sections we propose a specific double counting scheme which is analogous to that in the SIC method in Building on the ideas discussed in the Introduction, we consider the functional obtained from the LDA (or GGA) functional by removing the local exchange-correlation energy of the correlated orbitals, and replacing it with the HF exchange energy HF X E of these orbitals. Specifically, we define the EECE functional as
Note that exchange (and correlation) between correlated and uncorrelated orbitals are treated within LDA (GGA), since LDA is expected to be appropriate for these interactions. Only exchange within the correlated subshell on each atom is treated by the exact (HF) expression. The second and third terms are explicit functionals of the occupation matrix n σσ ¢ , which in turn depends on the total density ( ) ρ r . We have indicated explicitly the parametric dependence of these terms on the correlated orbitals m φ , which have to be specified beforehand. It should be pointed out that for the purpose of definition of the functional the correlated orbitals are fixed, i.e. the correlated density is uniquely determined by the corresponding occupation matrix, and variation of the functional is carried out only with respect to the KohnSham orbitals that serve to represent the density. In practical calculations the correlated orbitals may be allowed to relax (as they are in our implementation), however this relaxation does not have variational character.
In this EECE functional LDA E stands for any semilocal DFT functional (GGA for example), and the intra-atomic HF-like exchange HF X E and the double-counting correction dc E are given explicitly by [ ] E ρ is the exchange-correlation energy evaluated with the correlated density. Note that this HF functional includes the diagonal term, so it subtracts off the self-interaction of the correlated orbitals that has been included in the Hartree energy. Note also that the correlation energy corresponding to corr ρ has been subtracted out, not because it is treated better in another term (there is no such term in this EECE functional) but simply because local correlation is inappropriate for correlated orbitals.
The occupation matrix is obtained by projection of the occupied Kohn-Sham states | k ϕ Ò onto the predefined orbitals:
The corresponding correlated density is obtained from
Using the Kohn-Sham ansatz the following equations are obtained by variation of the functional (1) with respect to ( ) k ϕ r * : (4) and (5) one can evaluate the functional derivatives on the right hand side explicitly:
We point out that although the double counting term dc E has the same form as the LDA exchangecorrelation functional, it gives rise to a non-local potential in the Kohn-Sham equation because the argument is not the full density. Using Eqs. (7) and (8) the Kohn-Sham equations can be written as an eigenvalue problem with an additional non-local potential 
Derivation of the total energy formula is analogous to the standard Kohn-Sham procedure. The only term which cannot be evaluated explicitly from the density or occupation matrix, the Kohn-Sham kinetic energy, is expressed through the eigenvalue sum [16] . This brings in additional terms, consisting of the correction for double counting of the HF exchange energy in the eigenvalue sum, and the usual "miscounting" correction of the LDA XC energy:
Here LDA E is the total energy formula for the local density functional including the eigenvalue sum. The traces are taken over the index labeling the correlated orbitals m φ . Evaluating the trace in the last term one arrives at an alternative expression
Implementation in the LAPW method
The LAPW method is based on partitioning the space into atomic spheres and the interstitial region. It is natural, and in fact commonly done in current LAPW implementations of LDA+U method, to use this partitioning to define the correlated orbitals. The subspace of correlated orbitals is specified by angular momentum l and projection onto a given atomic sphere. The z -axis projection of the angular momentum (m) and the z component of the spin (σ ) index the correlated orbitals. In the LAPW method there is some freedom in the radial extent of the orbitals. When constructing the occupation matrix we take this freedom into account simply by accumulating all radial contributions, i.e. the radial part of the projection operator is unity.
In the applications that we discuss in the following section, we make a minor approximation when constructing the correlated density using the average radial function described below. The correlated density (5) is written as 
where the product of spherical harmonics lm Y is replaced by a sum over real harmonics LM Z and the radial distribution is described by a single function ( ) r χ . The spin indices were dropped for simplicity. The radial function is defined such that it reproduces exactly the spherical term in correlated density expansion
The corr N factor, which is the total occupation of the correlated orbitals, insures normalization of the radial function. This minor approximation can readily be abandoned if it becomes of interest to allow the various radial functions to become distinct.
The matrix elements of the dc V potential are calculated by expanding
in the real harmonics basis (analogously to Eq. (13)) and evaluating the corresponding radial and spherical harmonics integrals. The matrix elements of the exchange potential are calculated using the standard expansion in terms of Slater integrals, which are evaluated with the radial function ( ) r χ . Much of this formalism (and code) is almost identical to the implementation of the LDA+U method, but now the Slater integrals are calculated explicitly rather than using parameterized screened values.
Applications to selected materials
Below the EECE method is applied to four systems with different degree and character of correlation: the correlated insulators FeF 2 and NiO, and the metals hcp Gd and FeAl. The results are compared with corresponding results from LSDA, GGA, LDA+U and, when available, HF calculations. As a starting point for these EECE calculations the selfconsistent LSDA density and occupation matrix was adopted. All calculations were spin polarized, with ferromagnetic spin configuration for hcp Gd and FeAl and antiferromagnetic for FeF 2 and NiO. The magnetic moments and density of states were evaluated for the experimental crystal structure, while the equilibrium volume and the bulk modulus were determined from the dependence of the total energy on the unit cell volume (for FeF 2 and hcp Gd the ratio c a / was fixed at its experimental value).
In the LAPW method there are two important parameters determining the precision of the calculation: the number k N of k points in the Brillouin zone and the number b N of basis functions (which may vary slightly with the k point). In addition for present calculations the radius of the cation atomic sphere must be considered, as only within the sphere the EECE and LDA+U potentials are considered. The LDA+U calculations require as input the Hubbard parameter U and the exchange parameter J. All these quantities are summarized in Table 1 . The 'fully localized limit' (FLL) version of LDA+U was employed for FeF 2 , NiO, hcp Gd [6] while the 'around mean field' (AMF) version [7] was used for FeAl as it leads to a correct nonmagnetic state for this compound. Table 1 For each of the systems considered here, this table provides the number of k-points N k , the number of the basis functions N b , the radius of the cation atomic sphere R s (a.u.), the Hubbard interaction strength U and exchange constant J (eV). [17] . FeF 2 is predicted to be metallic by LSDA (the standard problem of the Mott insulator in LSDA), a small gap is obtained in the GGA calculation as allowed by the crystal field, while LDA+U leads to a large, and reasonable, gap of 3 eV ( Table 2 ). The lowest unoccupied band as given by LDA+U has minority spin Fe 3d xz character. The DOS obtained by EECE is very different, with the Hubbard splitting being strongly overestimated as in HF calculations. We characterize this splitting by the energy difference dd ∆ between maxima of DOS of the highest occupied and the lowest unoccupied Fe(3d ) states. dd ∆ (EECE) is almost three times larger than dd ∆ (LDA+U) and it is close to its HF value. The density of states projected on the iron ion as obtained by EECE method is displayed in Fig. 1 , where the positions of the peaks in the DOS calculated by HF method [17] are also indicated. The EECE gap is much smaller than dd ∆ , with the lowest unoccupied states having Fe and F s character. In Table 2 the calculated quantities are summarized and compared with their experimental values; note that the volume is much improved over both the LDA and HF values. It can be observed that the spin magnetic moment s m increases in the sequence LSDA < GGA < LDA+U < HF, indicating increasing localization of electrons in the 3d majority spin states of Fe 2+ . The EECE value is much larger than the one of LSDA and GGA, but smaller comparing to the HF result. 
Nickel oxide
The DOS of minority spin states calculated by LSDA, GGA, LDA+U and EECE is shown in Fig. 2 . In Fig. 3 the EECE density of states projected onto majority and minority spin states of Ni are displayed. To indicate how the eigenvalues compare with the HF results, the peaks in analogous HF DOS are also indicated. The HF calculation was performed by Towler et al. [18] using the program CRYSTAL. Table 3 summarizes the calculated quantities. Contrasts between EECE and HF become interesting: the volumes and dd ∆ separations are similar as might be expected, but the calculated magnetic moments differ by more than 10%.
hcp Gd
Gadolinium has a half filled 4f shell, and we take the 4f as correlated to apply the present method. To our knowledge no HF calculation of the Gd electronic structure exists, but EECE is compared with LSDA, GGA and LDA+U. In all cases the 4f states are included among the valence states. In the LDA+U calculation the value of U = 7.65 eV was chosen to reproduce the experimentally observed splitting 12 eV between majority and minority 4f spin states of Gd. This value is comparable to, but larger than, the value U = 6.7 eV used in Ref. [21] . The results are summarized in Table 4 . The total density of majority and minority states as calculated by the four methods is shown in Fig. 4 . Remarkably, the energy difference between the occupied and unoccupied 4f states calculated by the EECE is 12.68 eV, close to the LDA+U and the experimental values. ∆ is the splitting between occupied and empty Ni 3d minority spin states. The HF value of dd ∆ was estimated from Fig. 5 (e) of Ref. [18] . Experimental data for magnetic moments [20] were measured at 300 K. 
LSDA

FeAl
FeAl is a nonmagnetic metal (and thus presumably rather weakly correlated at most), but both LSDA and GGA predict the ground state to be ferromagnetic. An LDA+U calculation gave a nonmagnetic ground state, but required a rather large value of U ≥ 3.7 eV and the AMF version of LDA+U had to be employed [23] . The HF method is known to yield unphysical picture when applied to metals (e.g. vanishing DOS at the Fermi energy) [5] . As seen from the results obtained for FeF 2 and NiO, EECE is similar to HF. Still, it is instructive to perform the EECE calculation for FeAl and we applied it to the iron 3d states. The selfconsistent procedure converges to the nonmagnetic state with strong Fe(3d ) electron localization: the g e states are empty, while 2g t states are fully occupied, which situation brings to mind a 'strong crystal field' picture but is really just a correlation gap effect. The system remains metallic due to Fe 3p and 4s states and Al 3p states at the Fermi level. However, the Fe 3d states become so localized that they no longer participate in the chemical bonding. As a result the equilibrium volume is far too large. The densities of states calculated by several methods and projected onto 2g t and g e states of Fe are displayed in Fig. 5 .
Discussion
The results obtained for FeF 2 and NiO show that for the strongly correlated electrons in these compounds, EECE gives results very similar to HF. It is recognized that the HF method predicts occupied (Tables 2, 3 ). The energies of the states to which EECE is not applied (the uncorrelated states) remain essentially unchanged; for NiO this effect may be seen in Fig. 2 . In FeAl the electron band structure of the Fe 3d states is particularly strongly affected -contrary to LSDA and LDA+U these states do not appear at the Fermi level, the occupied levels being 8 eV below and unoccupied 11 eV above F E . More encouraging is the case of hcp Gd where the splitting between occupied and empty 4f states is in reasonable agreement with the experiment and the DOS is close to the one calculated by LDA+U, where however U was chosen to fit the splitting. In both FeF 2 and NiO the value of the spin magnetic moment becomes larger in sequence LSDA < GGA < EECE < HF indicating that the localization of the magnetic electrons also increases along this sequence. For NiO, where both spin and orbital parts of the magnetic moment were determined experimentally, EECE gives better agreement than LSDA and GGA (see Table 3 ).
The equilibrium volume is in all cases overestimated in the EECE calculation, contrary to LSDA which underestimates it. Clearly corrections could be constructed that start with EECE and, by admixing to it correlation, would yield an equilibrium geometry closer to the experimental one. Implementing such an extension would be straightforward as the DFT correlation part of the energy functional and potential are calculated separately in the WIEN2k code. The most striking discrepancy for equilibrium volume is found in FeAl, where it is clearly caused by the fact that the 3d electrons are too localized and thus do not contribute to the bonding.
The EECE method depends crucially on the Slater integrals. We thus summarize their values in the Table 6 . It is seen that k F depend only slightly on the type of atom and the compound. An unappealing feature of the EECE implementation to FPLAPW method is that the results depend on the radius s R of the atomic sphere, because the EECE potential is zero outside the spheres and also the Slater integrals slightly depend on s R . We have checked for NiO that this dependence is not dramatic and the results change smoothly and predictably. In fact by reducing s R , the region of space in which EECE operates is reduced, making the results become closer to LSDA and thus also to the experiment.
Conclusions
In this paper we have proposed an 'exact exchange for correlated electrons' method of electronic structure calculation, implemented it into the WIEN2k implementation of the LAPW method, and tested its predictions on four different types of d and f electron materials. The results obtained document that this EECE method gives results closely related to those obtained with the Hartree-Fock method. EECE is implemented in the WIEN2k code, based on the FLAPW approach to the density functional theory. It thus represents a counterpart to program CRYSTAL in which to originally HF code the local spin density and generalized gradient approximations were added. Due to the Gaussian basis used by CRYSTAL it is difficult to apply it to systems with strongly localized electrons. No such technical restriction applies to the present method. Moreover EECE is relatively transparent and it has very little additional requirements on computer time and memory. It is promising starting point for the further improvement of orbital-dependent density functionals.
